In this paper, we investigate four different types of Ulam stability, i.e., Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-Rassias stability for a class of nonlinear implicit fractional differential equations with non-instantaneous integral impulses and nonlinear integral boundary condition. We also establish certain conditions for the existence and uniqueness of solutions for such a class of fractional differential equations using Caputo fractional derivative. The arguments are based on generalized Diaz-Margolis's fixed point theorem. We provide two examples, which shows the validity of our main results.
Introduction
Fractional calculus was originated from a question of L'Hospital, in which he asked about the generalization of integral order differentiation. At the end of th century, Leibnitz used a notation ?". Leibnitz on th September  (the exact beginning of the fractional calculus) replied, "It will be a paradox, from which later useful consequences will be drawn" [] . After that, in , Lacroix introduced fractional order derivative [] .
Fractional calculus is as old as the conventional calculus, and it is the generalization of integral order differentiation and integration to arbitrary non-integer order. For detailed study, see the books such as [-] and the papers [, ] . The attraction towards this subject is due to the fact that fractional derivatives and integrals are not a local property. That is why fractional differential and integral models captured the reality of the nature better, as these models considered the history and nonlocal distributed effects; for details, see the monographs [-] . Fractional calculus has a large number of applications in different branches of science, engineering as well as in medical fields. The fractional differential models describe many real world phenomena in different fields, i.e., biology, dynamical systems, physics, control theory, chemistry and in many other fields, in a more efficient and realistic way.
In recent research work, several researchers of mathematics community studied impulsive fractional differential equations due to their applications in different fields of engineering and medical sciences [, -]. Impulsive fractional differential equations are used to describe real world phenomena like evolutionary processes characterized by abrupt changes of the state at certain instants and many others. The monographs [-] treated fractional differential equations with instantaneous impulses of the following form: Problems (.) and (.) do not characterize completely the process like hemodynamic equilibrium of a person, i.e., the introduction of the drugs in the bloodstream and the consequent absorption for the body are gradual and continuous processes. Such situations are characterized by non-instantaneous impulses, which begin from an arbitrary fixed point and stay active on a finite time interval.
Motivated by the above-mentioned work, we consider nonlinear implicit fractional differential equations with non-instantaneous integral impulses and nonlinear integral boundary condition in the following form:
where c D β ,t is the Caputo fractional derivative of order β with lower limit , 
Since , Ulam-type stability problems [] have been studied by a large number of mathematicians. This stability analysis is very useful in many applications, such as numerical analysis, optimization, etc., where finding the exact solution is quite difficult. For detailed study of Ulam-type stability with different approaches, we recommend papers such as [-].
The aim of this paper is to establish sufficient conditions for the existence, uniqueness and Ulam-type stability for a class of nonlinear implicit fractional differential equations with non-instantaneous integral impulses and nonlinear integral boundary condition, via generalized Diaz-Margolis's fixed point theorem. This paper is presented as follows. Section  contains some basic definitions, notations and lemmas regarding fractional differential equations. Section  contains the framework of the solutions for problem (.). In Section  we show some existence and uniqueness conditions, along with different types of Ulam stability for problem (.). Section  contains some examples.
Preliminaries
In this section we gather some basic facts, definitions and lemmas regarding fractional differential equations, which we utilized throughout this paper, to obtain our main results.
of order β ∈ R + is defined as
where is the Euler gamma function defined by (β) = ∞  p β- e -p dp.
Definition . ([])
The Caputo fractional derivative of order β ∈ R + , for a function
where [β] denotes the integer part of the real number β.
Lemma . ([])
For a nonnegative value of β, we have 
where a i ∈ R, i = , , . . . , n - and n = [β] + . Let x ∈B, ε > , ψ > , λ ≥  and a nondecreasing function φ ∈ C(J, R + ). Let us consider the following set of inequalities:
is Ulam-Hyers stable if there exists a real constant c f ,β,g >  such that, for given ε >  and for each solution x ∈B of inequality (.), there exists a solution y ∈B of problem (.) with
Definition . Problem (.) is generalized Ulam-Hyers stable if there exists a function
=  such that, for given ε >  and for each solution x ∈B of inequality (.), there exists a solution y ∈B of problem (.) with
Definition . Problem (.) is Ulam-Hyers-Rassias stable with respect to (φ, ψ) if there exists a real constant c f ,β,g,ψ >  such that, for given ε >  and for each solution x ∈B of inequality (.), there exists a solution y ∈B of problem (.) with
Definition . Problem (.) is generalized Ulam-Hyers-Rassias stable with respect to (φ, ψ) if there exists a real constant c f ,β,g,ψ >  such that, for each solution x ∈B of inequality (.), there exists a solution y ∈B of problem (.) with
Remark . From the above definitions clearly we see that:
Remark . A function x ∈B is a solution of inequality (.) if there exist a function Q ∈B and a sequence
Remark . A function x ∈B is a solution of inequality (.) if there exist a function Q ∈B and a sequence Q k , k = , , . . . , m, which depends on x, such that
In order to use a fixed point approach for contractions on a generalized complete metric space to obtain our main results, we need the following result. • 
The solution of a linear impulsive fractional boundary value problem
In this section we find the solution of a linear impulsive problem, which is the corresponding linear form of problem (.), using Lemma .. Consider a linear form of problem (.), i.e., 
Using Lemma . and the initial condition, we can get
Applying Lemma . to the above equation and using the condition y(t  ) = I β s  ,t  ξ  (t  ), we obtain
With the help of Lemma . and condition y(t  ) = I β s  ,t  ξ  (t  ), we get
Using Lemma . and condition y( 
As from Remark ., we have
(t, x(t)).
Using Lemma ., the solution of the above problem is
With the help of the above solution and Remark ., we verified Remark . in the following lines. For t ∈ [, s  ], we consider
Hence Remark . is verified.
Remark . If x ∈B represents a solution of inequality (.), then x ∈B is a solution of the following integral inequality:
Remark . If x ∈B represents a solution of inequality (.), then x ∈B is a solution of the following integral inequality:
By using Remark . and Remark ., we can verify Remark . and Remark ., respectively, by the same procedure as we used for verification of Remark ..
Main results
In this section, we prove four different types of Ulam stability results for problem (.). We also establish some conditions for the existence and uniqueness of the solutions of problem (.) in view of Theorem .. First, we introduce the following assumptions: 
where  < γ < β ≤ .
Theorem . Assume that (A  )-(A  ) are true and a function x ∈B satisfies inequality (.), then there exists a unique solution x
and
Proof Let Y be the space of piecewise continuous functions defined by
and let us introduce a generalized complete metric on Y as
for all t ∈ J, where
for all y ∈ Y . Clearly, is a well-defined operator because y and f are continuous functions. To achieve our goal, first we need to prove that is strictly contractive on Y . For this we take any p, q ∈ Y and C  , C  ∈ [, ∞], using Eq. (.), we get
From the linearity property of Caputo fractional derivative, Eqs. (.), (.) and assumptions (A  )-(A  ), we obtain the following.
Case :
From the above cases, for any p, q ∈ Y and L < , we obtain
that is,
which implies that is strictly contractive on Y . It follows from Eqs. (.) and (.) that for any arbitrary p  ∈ Y , there exists a constant
also there is a constant  < λ  < ∞ such that 
which implies that ( p)(t) -( q)(t) ≤K
Case : For t ∈ (s k- , t k ], k = , , . . . , m, we have 
Conclusion
In view of generalized Diaz-Margolis's fixed point theorem, we established sufficient conditions for the existence and uniqueness of the solutions of problem (.) and proved different types of Ulam stability results for nonlinear implicit fractional differential equations of problem (.), taking into account the Caputo fractional derivative and its two properties, i.e., Caputo fractional derivative is a linear operator and its derivative of a constant is zero.
